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Abstract

We develop the Euler Decomposition of Explained Fit (EDEF), an exact, additive, and model-
conditional attribution of realized predictive accuracy to the features of a given prediction
model. Existing feature-importance measures primarily address two distinct questions:
which features are informative for model development, and why a model produces a
particular prediction. EDEF addresses a third: how much does each feature contribute to
the model's realized predictive accuracy?

Existing methods target different objects, like performance under refitting, prediction-
level attribution, or performance under counterfactual inputs. They do not decompose
realized predictive accuracy of a fixed fitted model. Once model fit is defined as the
reduction in expected loss relative to a baseling, the attribution problem admits an exact
solution.

We derive closed-form contributions using Euler’s theorem for linear regressions and a
path-integral extension for binary classification models. The attribution conditions on the
fitted model and realized inputs, requires no refitting or counterfactual evaluation, and
has negligible computational cost once predictions are available.

Because EDEF expresses feature importance as a sample average, it also admits stan-
dard errors that quantify sampling variability in the evaluation data. This enables formal
statistical inference and monitoring of feature contributions across samples.
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1 Introduction

Machine learning models are increasingly deployed in settings where pre-
dictive performance must be monitored, explained, and defended over time.
For an established model, a central question is: how much does each feature
contribute to the model’s realized predictive accuracy? The large literature
on feature importance targets different objects: model performance under
refitting, prediction-level attribution, or performance under counterfactual
inputs. It does not decompose the realized predictive accuracy of a fixed
fitted model. We provide an exact attribution via the Euler Decomposition of
Explained Fit (EDEE).

Feature importance measures are designed to answer different questions.
We distinguish three types. The first concerns model exploration: which
features are informative, and how does model performance change when
features are added or removed? Methods such as partial R?, dominance
analysis (Budescu, 1993), and Shapley decompositions of explained variance
(Lindeman et al., 1980; Kruskal, 1987) address this question by refitting
models or evaluating counterfactual specifications.

The second concerns prediction explanation: why does a fixed, fitted produce
a particular prediction? Methods such as suap (Lundberg and Lee, 2017)
and integrated gradients (1G) (Sundararajan et al., 2017) attribute predictions
to inputs relative to a baseline. These methods explain predictions, not
predictive accuracy, and can assign large importance to features that do not
improve and may degrade out-of-sample fit. This distinction is consequential:
a feature may be highly informative or influential in prediction, yet contribute
little to realized predictive accuracy once redundancy and interactions within
the fitted model are taken into account.

The third question, which we address, concerns model-fit attribution: how
much does each feature contribute to the realized predictive accuracy of a fixed,
fitted model? This question is model-conditional and evaluates the model
only at the realized inputs. It arises naturally whenever model performance is
assessed: at the end of model development, during validation and comparison,
in production monitoring, and when diagnosing performance changes or
proposed model modifications.

No existing method provides an exact, additive decomposition of realized
predictive accuracy for a fixed fitted model. Among existing approaches,
saGk (Covert et al., 2020) is closest in spirit: it is global, accuracy-oriented,
and additive. We show that sace and eper coincide under quadratic loss with
an additive signal, but differ in general. sace evaluates model performance

under counterfactual inputs generated by feature removal and measures how
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performance would change if features were unavailable. eper instead condi-
tions on the realized inputs and attributes how observed feature variation
contributed to realized predictive accuracy.

Our approach is direct. We define model fit as the reduction in expected
loss relative to a baseline predictor. This definition applies in and out of
sample and aligns with how predictive performance is evaluated in practice.
When the fitted signal admits an additive decomposition, attribution follows
from Euler’s theorem for homogeneous functions, or from its path-integral
extension when homogeneity fails. The resulting decomposition is exact,
additive, global, and model-conditional, and is computationally trivial once
fitted predictions are available.

Regression

For regression models, we measure fit as the reduction in mean squared error
relative to an intercept-only baseline. When the fitted signal admits an additive
representation, Euler’s theorem yields an exact additive decomposition across
prediction components. The result applies broadly, including to ordinary

least squares and regularized linear models, and remains valid out of sample.

Classification

For binary classification, we measure fit as the improvement in expected
log loss relative to a constant-probability baseline. Because log loss is not
homogeneous in the fitted score, we use a path-integral representation to
obtain an exact additive decomposition. The resulting contributions provide
a model-conditional attribution of predictive accuracy under a strictly proper
scoring rule.

Standard errors

EDEF contributions are sample averages of observation-level quantities and
therefore admit standard errors that quantify sampling variability in the
evaluation data. This enables formal inference and monitoring of feature
contributions over time. In contrast, variability reported by other methods
typically reflects approximation error rather than sampling uncertainty.

Empirical illustrations

We illustrate eper using the Ames Housing regression dataset (De Cock, 2011)
and the UCI Adult income classification dataset (Dua and Graff, 2019; Ko-
havi, 1996). In both cases, we evaluate feature contributions on held-out
samples. The examples show that Eper and saGe produce similar results
under quadratic loss, while other methods differ because they target different
objects. They also show that features commonly identified as important may
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contribute little to realized predictive accuracy once the full model is taken
into account.

Speed

EDEF is computationally trivial once fitted predictions are available, requiring
a single pass over the evaluation data. In contrast, methods such as saGe rely
on Monte Carlo approximation and repeated model evaluation, making them
substantially more expensive.

Organization

The remainder of the paper proceeds as follows. Section 2 introduces the
general framework and derives the decomposition and standard errors.
Section 3 specializes to regression and establishes the connection to R? and
the Pratt decomposition. Section 4 develops the classification case under log
loss. Section 5 compares EDEF to existing methods. Section 6 presents the

empirical examples, and Section 7 concludes.

2 Euler Decomposition of Explained Fit

This section develops the general eper framework. We define a loss-based
measure of predictive accuracy relative to a baseline predictor and derive an
exact, additive decomposition together with its standard errors. Sections 3
and 4 specialize this framework to regression and classification, respectively.

2.1 Setup
Let 7 € RN denote a vector of observed outcomes with finite, nonzero variance
and define the centered outcome

y =y -E[yl. 1

We interpret the intercept-only predictor /o = E[y] as the baseline model and
evaluate predictive performance relative to this baseline.

Throughout, expectations, variances, and covariances are sample averages.
Since y is centered, E[y] = 0 and Var(y) = E[y?].

Let 7 € RN denote the predictions of a regression or forecasting model,
and assume that  is centered so that E[y] = 0.!

For all regression models, we measure predictive accuracy using mean
squared error and define the improvement in fit relative to the baseline

LIf the fitted model includes an intercept and is evaluated on centered regressors, this
condition holds automatically. In regularized regressions, the intercept is typically excluded
from regularization to preserve this property.
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predictor as?

AL = Var(y) — Var(y — ). )

With perfect predictions i = y, predictive accuracy attains a maximum value
of Var(y). With poor predictions, predictive accuracy can be close to 0 or
even negative, especially out of sample for noisy predictions.

Scaling by Var(y) yields the standard coefficient of determination

~ Var(y) Var(y)

2 AL _ Var(y — ?) 3)

The alternative expression R? = Var(¥)/Var(y) holds only when predictions
are orthogonal to prediction errors y — i/, which is true in-sample for ordinary
least squares but not in general. Without this orthogonality, A.L remains a
measure of predictive accuracy, while Var(y)/Var(y) captures only the scale
of predictions relative to outcomes.

Expanding the squared error yields

AL(y) =2 Cov(y,y) — Var(y). 4)

This representation makes clear that predictive accuracy depends on both
alignment with the outcome and the variance of the fitted signal. It is well
defined both in and out of sample and does not rely on orthogonality or
optimality conditions specific to any estimation procedure.

2.2 EDEF Decomposition
Equation (4) expresses predictive accuracy as the difference of two homoge-
neous functions,

AL®Y) = a1(y) — &), ©)

where ¢1() = 2Cov(y, ¥) is homogeneous of degree one in ¥ and ¢»(y) =
Var(y) is homogeneous of degree two.

This structure is not incidental. Because predictive accuracy is expressed
as a function of the fitted signal that is homogeneous term-by-term, it admits

2 Defining explained fit relative to an intercept-only baseline model is partly conceptual
and partly a matter of convenience. The intercept is not a feature, but a normalization that
centers predictions and defines the baseline level of predictive accuracy. eper allocates only
the incremental explained fit arising from additive prediction components beyond the mean.
When the contribution of the unconditional mean is of interest, it can be tracked separately as a
baseline component of total fit.
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an exact additive decomposition via Euler’s theorem. In this sense, the
attribution problem is solved directly by the functional form of the evaluation
metric: once predictive accuracy is written in this form, the decomposition
follows without approximation or additional assumptions.

For a function homogeneous of degree k, Euler’s theorem states g(x) =
1xTVg(x). Applying Euler’s theorem to each term yields

a@==7y, ©

and

~ 1
&) =¥y 7)
Euler’s theorem is an exact identity for homogeneous functions, not a local
approximation.

In many prediction models, the fitted signal admits an additive decompo-

sition
~_ 7 3
Y E ]-3/] (8)

where y; denotes a component associated with a feature, regressor, or model
element.
To obtain a well-defined attribution, we impose the normalization

E[y;]1=0 forall j, 9)

which assigns all level effects to the intercept-only baseline. This normal-
ization does not affect fitted values or predictive accuracy, but ensures that
contributions are uniquely defined.

Substituting the additive decomposition into the Euler representation
yields the EDEF result: an exact additive decomposition of predictive accuracy,

AL =), G, (10)
Cj =2 Cov(y,y;) — Cov(y, ¥j) (11)
= Cov(y, y;) + Cov(e, ¥;), (12)

where e = y — ¥ is the realized prediction error.?

3This is correct even if AL(y) < 0. Less negative contributions C; indicate stronger
contributions to fit.
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Figure 1: Geometry of Euler Contributions to Model Fit

Yk
The figure illustrates the Euler decomposition of realized regression fit for an outcome vector y
(black) and a fitted value ¥ = ; + ¥k (gray). Two additive prediction components, y/; (red) and
Yk (green), appear with different alignment relative to the prediction error e (blue).

In the Euler decomposition, the contribution of component i/, depends on both its covariance
with y and its covariance with e = y — . These covariances determine whether the component
contributes new explanatory direction or primarily overlaps with the existing fitted value.

In the diagram, both 37/ and Yk align positively with y, but they exhibit different alignment
with the realized residual e. Here, jj; makes a smaller Euler contribution to model fit because
its negative alignment with e contributes to a larger distance between i and y. Conversely, ¥k
makes a larger Euler contribution because its positive alignment with e contributes to a smaller
distance between 7 and y.

The Euler decomposition and the figure do not rely on orthogonality assumptions; angles
represent empirical covariances.

Figure 1 shows that the contribution C; admits a geometric interpretation.
View y, ¥, and the components ¥; as vectors in RV with inner product
(a,b) = Cov(a,b). All quantities are fixed once the model is fitted.

The first term in (12) measures alignment with the outcome, while the
second captures alignment with the realized error. A component improves
predictive accuracy to the extent that it aligns with both. Components that
primarily reinforce existing fitted structure without reducing residual error
receive smaller contributions and may be negative.

Negative contributions arise naturally from interaction among components
rather than from any intrinsic deficiency of a feature. Predictive accuracy
depends on how components combine, not on their magnitudes in isolation.
When monitoring model performance across samples, persistent negative
contributions may reflect stable redundancy, while changes in sign indicate
shifts in how components interact within the fitted signal.

When the change in loss A L(¥) is negative, some of the contributions must
be negative. As our simulations in ?? confirm, this is most likely to occur
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outside the training sample for models with low explanatory power. In these
settings, any additive attribution must assign negative contributions to some
components.

More generally, even when A L(Y) is positive, individual contributions may
be negative. This occurs when a component is misaligned with the observed
outcome, Cov(y, y,) < 0, or when it reinforces the realized prediction error,
Cov(e, ;) < 0. In the latter case, the component tends to move predictions
in the opposite direction of the residual, pushing the fitted value further
away from the outcome. Because the residual e is defined using the full fitted
model, this term reflects alignment with realized prediction errors rather
than the effect of removing the component.

The epEF decomposition depends only on realized fitted values and their
additive components. It conditions on the fitted model and the observed
inputs, and requires no refitting, perturbation, or counterfactual evaluation.

2.3 Standard Errors
Each contribution C; is a sample average of observation-level quantities c;;
and therefore inherits sampling variability. Feature importance is thus an
estimable quantity rather than a purely descriptive label.

Appendix B shows that

SE(Cj) = \/%E[(cﬁ -Cj)?. (13)

These standard errors reflect sampling variability in the evaluation data,
conditional on the fitted model. They apply both in-sample and out-of-
sample and provide a basis for assessing whether contributions differ reliably
from zero, materially exceed a threshold, or whether changes in contributions
across samples reflect noise or genuine shifts in predictive relevance.

We often express contributions to fit in proportional terms. Appendix B
also derives standard errors for the proportional contributions. However,
statistical tests for contributions are often sharper than statistical tests for
proportional contributions. The proportional contributions introduce addi-
tional estimation noise through the denominator. In particular, when testing
whether a contribution is different from zero, testing C; is logically equivalent
to testing shares but always has smaller standard errors.

The standard errors measure sampling variability in the observations
used to evaluate the fitted model, conditional on the model itself. This
differs from the variability measures reported by feature importance methods
that rely on Monte Carlo approximation, such as suap and saGe. In those
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approaches, reported variability reflects approximation error arising from
sampling feature coalitions or background observations, rather than sampling
uncertainty in the evaluation data. As a result, increasing the number of
Monte Carlo samples reduces this variability without changing the underlying
estimand. By contrast, EDEF requires no simulation and its standard errors
decrease with the size of the evaluation sample, providing a direct basis
for statistical inference about feature contributions. These two notions of
variability are conceptually distinct and not directly comparable.

2.4 Grouped EDEF

Because peF contributions sum exactly to total predictive accuracy, they
can be aggregated across groups of components. This is particularly useful
when components are numerous or highly collinear, in which case individual
contributions may be unstable. It is also helpful for categorical features with
many categories. We commonly expand such features into several dummy
variables but may be interested in the importance of a group of dummies
corresponding to a single categorical feature.

For a partition of components into groups G, define

Ce=2, .G (14)

Then

AL = ZG Ca, (15)

so predictive accuracy is allocated exactly across groups.

Standard errors follow from the same logic:

SE(Cg) = \/% E[(cic —=Cc)?l,  cic= Z]’EG Cij.- (16)

Grouped eDEF attribution aggregates interchangeable components into
more stable or more interpretable units while preserving exact additivity.
This parallels Owen values (Owen, 1977), but avoids combinatorial averaging

and requires no additional computation once the fitted model is available.

3 Linear Regression

Linear regression is the canonical setting for eper. The fitted signal decom-
poses naturally into regressor-specific components, the EDEF contributions
take a transparent closed form, and there is an exact connection to R? and the
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in-sample Pratt decomposition. This section develops these results and clari-
fies when and why variance-based measures of feature importance coincide

with or diverge from EDEF.

3.1 Features as Prediction Components

For linear models of the form iy = XE with centered regressors X, the fitted
signal decomposes naturally into regressor-specific components

7i = Xifj- (17)
Substituting into the EpEF contribution yields

C; = 2B Cov(y, X;) — B; Cov(¥, X;) (18)

= Ej Cov(y, X;) + Ej Cov(e, X;), e=y—-y. (19)

The first term reflects the regressor’s marginal association with the outcome,
while the second captures how the regressor-specific fitted component aligns
with the realized prediction error after accounting for the full model.*

This decomposition makes clear that marginal association alone does not
determine predictive contribution. A regressor may have a large marginal
correlation with y yet contribute little to predictive accuracy if its fitted
component primarily reinforces other components without reducing residual
error. Conversely, a regressor with modest marginal explanatory power may
materially improve predictive accuracy by correcting systematic prediction
errors.

3.2 In-Sample OLS and the Connection to R?

Ordinary least squares constitutes a special case in which predictive accuracy,
explained variance, and correlation-based measures coincide in sample.
Under ots with centered variables, fitted values i are orthogonal to residuals

e =y — ¥, implying
Cov(e, Xj) =0 for all j, (20)
and therefore

Cj = Ej COV(]/,X]‘). (21)

4 Because the fitted signal is linear in the coefficients, Eper contributions can equivalently be
computed by differentiating with respect to §; rather than ¥j, treating X as fixed.
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Summing across features gives
AL = Zj Ej Cov(y, X;) = Cov(y, y) = Var(y), (22)

where the final equality follows from ors orthogonality. Normalizing by
Var(y) yields

, AL Var(y)
~ Var(y)  Var(y)’

(23)

In this knife-edge setting, decomposing predictive accuracy, predicted
variance, and R? are equivalent up to scale. This equivalence is a special
property of in-sample oLs and does not extend beyond this case.

The algorithm in Appendix D summarizes the computation for a general
predictive model. Compared to many competing approaches, these computa-
tions are inexpensive: they require only means and covariances of realized

predictions and their components, computed once on the evaluation sample.

3.3 Pratt Decomposition
Pratt (1987) proposes a decomposition of explained variance for linear regres-
sion based on marginal correlations. For standardized regressors estimated

by ordinary least squares,
R?*="%" B;Corr(y, X)), 24
2, Bi Corrly, X)) (24)
with components
P]' = Ej Corr(y, X]‘) (25)

interpreted as measures of variable importance.

The Pratt decomposition allocates explained variance in the estimation
sample and relies on the orthogonality of fitted values and residuals.’> By
contrast, EDEF attributes realized predictive accuracy of a fixed fitted model,
measured as the reduction in mean squared error relative to a baseline.

For in-sample oLs with standardized regressors, proportional Pratt and
EDEF attributions coincide exactly. This equivalence is driven entirely by oLs
orthogonality. Outside this setting — including out-of-sample evaluation,
weighted or generalized least squares, and regularized linear models such
as Ridge, Lasso, and Elastic Net — residuals generally correlate with fitted

5 Thomas, Hughes, and Zumbo (1998) provide a geometric interpretation of the Pratt
decomposition.
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components. In these cases, predicted variance no longer coincides with
predictive accuracy, and the ratio Var(y)/Var(y) reflects only the scale of
predictions rather than their alignment with the outcome.

EDEF continues to apply without modification in all of these settings, pro-
viding an exact and additive decomposition of predictive accuracy precisely
where variance-based measures lose their interpretation.

3.4 Relation to Shapley Decomposition of Model Fit

Under squared-error loss with an additive signal, the Shapley (1953) decom-

position of explained fit collapses algebraically to the eper contributions. This

equivalence follows directly from the Shapley marginal contribution formula.
Let the value function

o(S) = AL(Z yk) (26)

keS

denote the explained fit of the partial prediction using components in S. The
marginal contribution of component j to coalition S is

v(SUj)—v(S) =2Cov(y, y;) — 2Cov(ys, ¥;) — Var(y;), (27)

where Js = Yres Vk-

The Shapley value is the expectation of this marginal contribution over all
permutations. For a uniformly random permutation, each component k # j
precedes j with probability one half. Writing

7s = .1k < jii, (28)
k#j

linearity of covariance implies
~ =~ 1 -~~~
E[Cov(¥s, )] = 5 Cov(y = ¥, ¥)- (29)
Taking expectations yields the Shapley value
¢j =E!'[o(SUj)-0(S)] =2Cov(y,y;) - Cov(y,y;),  (30)

which coincides exactly with the eper contribution.

Under quadratic loss, Shapley allocations average out overlap symmetri-
cally, yielding the Euler allocation in closed form. This equivalence does not
extend beyond quadratic loss or additive signal representations.
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This equivalence has two important implications. First, in the quadratic-
loss setting with additive predictions, the Shapley decomposition of model fit
admits a closed-form solution and does not require combinatorial averaging.
Second, methods that approximate Shapley values for model fit via Monte
Carlo sampling, such as saGg, are targeting the same object in this setting. EDEF
therefore provides the exact Shapley allocation at negligible computational
cost. Section 5 discusses the relationship between these approaches in more
detail.

3.5 Scope of EDEF
The results above do not depend on least squares or on orthogonality condi-
tions. The essential requirement is that the fitted signal admits an additive

representation
T 7. 31
7= (31)

EDEF assigns importance directly to these additive components.

The same structure extends immediately to weighted and generalized
least squares. After applying the implied transformation to outcomes and
regressors, the fitted signal remains additive and epEer applies without
modification.

Penalized linear models, including Ridge (Hoerl and Kennard, 1970), Lasso
(Tibshirani, 1996; Zou, 2006), and Elastic Net (Zou and Hastie, 2005), also
satisfy this structure. These models violate the oLs orthogonality conditions,
so the equivalence with the Pratt decomposition breaks down, but EDEF
continues to measure predictive accuracy without modification. The Ames
Housing illustration in section 6.2 demonstrates this point empirically.

Generalized linear models (GLMs) admit eper when the fitted signal is
taken to be the linear predictor 77 = XE, rather than the conditional mean
¢~ (7). On this scale, the signal decomposes additively into components
n=X j.Ej 6 The choice of signal representation and the choice of loss function
are distinct: the present section concerns additive structure, while Section 4
addresses the role of nonlinear loss.

More broadly, any model with an explicitly additive predictor supports
EDEF on that scale. Generalized additive models provide such a decomposition
by construction. Many machine learning methods produce predictions that
are additive in meaningful internal components (Hastie et al., 2009), including

6 Attribution on the mean scale generally requires nonlinear transformations and does not
admit a simple additive decomposition.
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ensemble methods such as boosting and random forests, and kernel methods
expressed in terms of training examples.

We treat prediction components as primitive and do not require them to
correspond to original input features. In nonlinear architectures, predictions
are linear in collections of constructed features or internal activations, and
EDEF assigns predictive accuracy directly to these components.

When the object of interest is attribution to the original input variables, a
closed form additive decomposition is generally unavailable outside linear
models. In such cases, attribution requires aggregating marginal effects along
paths in input space. Hentschel (2026) develops this path-integral attribution

for nonlinear models using numerical integration.

4 Binary Classification

The regression setting in section 3 admits a direct application of Euler’s
theorem because the improvement in fit is homogeneous in the fitted signal.
In binary classification, this property fails. Log loss is not homogeneous in the
fitted score, so endpoint derivatives alone do not yield an exact decomposition
of global fit.

We address this by applying the fundamental theorem of calculus along the
straight-line path from the baseline score to the fitted score. This path-integral
construction, detailed in appendix A, is the natural generalization of Euler’s
theorem when homogeneity fails. For log loss, the resulting contributions
admit a closed-form expression and require no numerical integration. EDEF
therefore applies with the same exactness and additivity as in the regression

case.

4.1 Log Loss as a Measure of Classification Fit

For classification, we measure model fit using improvement in expected log
loss rather than threshold-based classification accuracy. Log loss plays the
same role in classification as explained variance in regression: it evaluates
how well a model explains outcomes relative to a baseline, rather than how
often it produces correct classifications at an arbitrary threshold.

Log loss is a strictly proper scoring rule for binary outcomes: expected loss
is uniquely minimized when predicted probabilities equal true conditional
probabilities (Gneiting and Raftery, 2007). It therefore evaluates probabilistic
forecasts directly, rewards calibration, and admits well-defined population

expectations.”

7 These properties distinguish log loss from threshold-dependent metrics such as accuracy
or F1, and from rank-based measures such as AUC. Such metrics do not evaluate probabilistic
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We evaluate model fit using
t(y,p) = —ylogp — (1 - y)log(1 - p). (32)

Although log loss coincides with the negative log likelihood for Bernoulli
models, we use it purely as an evaluation metric. The decomposition applies
to any classification model that produces probabilistic predictions, regardless
of how those predictions were obtained.

4.2 Baseline Model and Explained Log Loss

We define explained fit relative to the constant baseline p = E[y], correspond-
ing to an intercept-only model. This is directly analogous to centering the
outcome in regression.

Explained log loss is
AL =E[t(y,p)] -E[e(y, p)]- (33)

This quantity measures how much predictive information the fitted model
captures beyond unconditional class frequencies.

4.3 EDEF Decomposition for Log Loss
Define the log score

f(y, ) =y - log(1 +e), (34)

where 7] is the fitted score and p = o(7]). Let 7 = log(p/(1 — p)) denote the
baseline score. Then

AL =E[f(y,n) - fly, M) (35)

The decomposition depends only on the scoring rule and the realized
scores, not on the estimation procedure that produced them.

Because f is not homogeneous in 77, Euler’s theorem does not apply directly.
This is not a limitation of the approach but a property of the loss function.
When homogeneity fails, the exact analogue of Euler’s theorem is obtained
by averaging the directional derivative along the path from the baseline to
the fitted score.

forecasts directly and do not support additive decompositions of model fit. By contrast, log
loss aggregates additively across observations and is therefore well suited to the decomposition
developed here.
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Applying the fundamental theorem of calculus along this path, for each
observation,

. 'd ~
= fw = [l T+ eG-) i (36)

1
- (ﬁ—ﬁ)/o (v — o (T + tG—T))) dt. 37)

Assuming an additive representation
K
T=0+ .7 (38)
j=1

we obtain an exact additive decomposition

K
AL = Z C]', (39)
j=1
with
1
=[5 [ (v-oli+eq-m) a. @0

For log loss, the integral admits a closed form,

- log(1 + el — log(1 + e)
Nj (y - ﬁ_ 7 )

with the ratio defined by continuity when 77 = 7.

The contribution C; measures how strongly the score component 7;
aligns with residual predictive uncertainty along the path from baseline to
fitted score. Score movements near extreme probabilities contribute little,
while movements near the decision boundary contribute more, reflecting
diminishing marginal value of confidence.

Figure 2 illustrates this geometry. The canonical residual y — (1) varies
nonlinearly with the score, and contributions correspond to the area under
this curve along the path from baseline to fitted score.

The decomposition is exact and attributes model fit at the level of score
components. Additivity holds on the score scale: while probabilities are
nonlinear in 7, the score itself is linear and admits an additive representation.

Many classification models produce additive score components. For nonlinear
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Figure 2: Logistic Residual vs. Score and the Path Integral
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The figure illustrates the path-integral calculation used to attribute model fit to a single score
component. The plot shows the canonical residual y — o(1)) as a function of the score 1 for a
single observation with y = 1, a baseline score 77 = 0, and a fitted score 7] = 3. Here, o(*) is the
logistic function. The shaded region corresponds to the path integral

[ w-oeia-m) i,

taken along the straight-line path from the baseline score 7 to the fitted score 7. The horizontal
line indicates the average residual over this path. Multiplying this average residual by the score
contribution 77; of a component yields that component’s contribution to the improvement in log
loss for the observation.

models like neural networks, however, the score components may be nonlinear
in the input features. If we wish to attribute model fit to the input features in
such nonlinear models, Hentschel (2026) derives a numerical solution to the
line integral that looks through to the features.

4.4 Specialization to Logistic Regression
In logistic regression, the score is additive and the score components are

linear in the features, so that

K
p=o@,  T=Po+ ) Bix. (42)
j=1
Writing
K
N=1+) M (43)
j=1

nj = Bjxj, (44)
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and substituting into equation (41) yields the feature-level contributions.

The baseline score 7 corresponds to the unconditional class probability
and differs from the fitted intercept when regressors are not centered. This
distinction has no effect on the decomposition: constant shifts cancel, so
attribution is carried entirely by the components 7;.

As in linear regression, contributions depend on how components interact
with the full fitted signal. Here, importance is determined by alignment with
residual uncertainty rather than covariance with the outcome.

4.5 Weighted Evaluation
The decomposition extends directly to weighted evaluation. Let w; > 0 define
weights and E,[g] = ; w;gi. Replacing expectations by E,, yields an exact
additive decomposition of weighted log-loss improvement.

Weights define the metric in which predictive fit is evaluated, not cor-
rections to the model. This interpretation preserves model-conditional
attribution.

4.6 Standard Errors

Each contribution C; is a sample average of observation-level terms ¢;; = ni jwi,
where w; is the path weight implied by equation (41). Standard errors follow
directly,

SE(Cj) = \/%E[(cﬁ -Cj)?. (45)

As in regression, these standard errors reflect sampling variability in the
evaluation data, conditional on the fitted model, and apply both in-sample

and out-of-sample.

5 Relation to Existing Measures

Feature-importance measures differ fundamentally in the question they are
designed to answer. In the introduction, we organized these questions into
three categories: model exploration, prediction explanation, and model-fit
attribution. Table 1 maps existing measures onto these categories. The
table makes clear that Ener occupies a distinct position: it is global, targets
predictive accuracy, and evaluates the model exclusively at realized inputs.
The discussion below focuses on the differences that matter most in prac-
tice, since the literature often treats feature-importance methods as largely
interchangeable.
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Table 1: Conceptual Classification of Feature-Importance Measures

Method Object Model Realized Scope SEs  Process
fixed inputs avail.

Coefficients Pred/Score Y Y Glo N Local sens
IG Pred Y N Loc N Cont path
SHAP Pred N N Loc agg N Discrt avg
Perm./Pert. Acc/Pred N N Glo N Discrt rem
SAGE Acc N N Glo N Discrt avg
EDEF Acc Y Y Glo Y Cont path

The table summarizes characteristics of feature-importance measures. Object: what
the method attributes — predictions (Pred), predictive accuracy (Acc), or the fitted
score (Score). Model fixed: whether the method conditions on the actual deployed
model evaluated at the realized inputs, without counterfactual feature removal,
marginalization, or perturbation. Realized inputs only: whether the method evaluates
the model exclusively at realized inputs, requiring no additional model evaluations.
Scope: whether attribution is local, at the level of individual predictions (Loc);
aggregated across observations (Loc agg); or global, at the level of the fitted model
(Glo). SE avail.: whether standard errors for the importance estimates are naturally
available without resampling. These reflect variation in the sample and are different
from Monte Carlo approximation errors. Process: how importance is allocated — local
sensitivity (Local sens), discrete feature removal or averaging (Discrt rem/avg), or a
continuous path integral (Cont path).

5.1 SAGE

Covert, Lundberg, and Lee (2020) introduce sace, which applies the Shap-
ley (1953) framework to global model performance. Like EDEF, saGk is global,
accuracy-oriented, and additive.

The two methods differ fundamentally in how they define a feature’s
contribution. sace is a feature-removal method: it measures how much
predictive performance would degrade if a feature were replaced by draws
from its marginal distribution. This is a counterfactual question about feature
availability. EDEF is a decomposition method: it measures how much each
component of the fitted signal contributed to the model’s realized predictive
accuracy on the evaluation data. This is a factual question about the deployed
model.

This distinction collapses in the special case of quadratic loss and linear
predictions, where the two methods coincide exactly, as shown in Section 3.4.
In general, however, feature removal changes the model. When sace marginal-
izes over a feature, it evaluates the fitted model at inputs outside its training
support and disrupts the joint distribution of the inputs. The resulting
performance gap reflects both the feature’s importance and the model’s
inability to substitute other features for it. EDEF never does this. The fitted
model is always evaluated at inputs it was actually given, so the attribution
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is model-conditional in a strict sense: it describes how the model generates
its performance, not how performance would change under hypothetical
modifications.

The divergence between the two methods is not bounded outside the
special case of quadratic loss and linear predictions. For nonlinear models,
saGE evaluates the fitted model at counterfactual inputs that may lie far
from the training support, where model behavior is unconstrained. The
classification example in Section 6.3 illustrates meaningful divergence even
for a simple logistic model; for genuinely nonlinear models the gap can be
arbitrarily large. The extension of EpEF to nonlinear models is developed in
Hentschel (2026).

sAGE also inherits the computational cost of Shapley methods and typically
requires Monte Carlo approximation. Standard errors are not naturally
available.

5.2 Prediction Explanation Methods
sHAP (Lundberg and Lee, 2017), integrated gradients (Sundararajan etal., 2017),
and related local methods explain individual predictions by attributing them
to input features relative to a baseline. They do not attribute predictive
accuracy. This distinction is consequential. A feature can make large
contributions to predictions while simultaneously degrading predictive
fit — particularly out of sample, where the model may be overconfident
or miscalibrated. Methods that decompose predictions cannot detect this,
because they never evaluate alignment between predictions and outcomes.
sHAP and integrated gradients also differ from epEgr in scope. Both are
local methods that attribute individual predictions; aggregating them across
observations yields summaries of prediction contributions but not an exact
decomposition of a global fit measure such as mean squared error or expected
log loss.® Integrated gradients use a path-integral construction along input
paths, as does EpEF, but integrate the gradient of the prediction function
rather than the gradient of the loss. Applied to the loss instead of predictions,
integrated gradients become a numerical approximation to Epkf; in the
settings considered here, Der provides the exact closed-form solution.
Perturbation and permutation methods (Breiman, 2001; Fisher et al., 2019)
measure the decline in performance when a feature is disrupted. Unlike
sHAP and integrated gradients, they do target predictive accuracy rather than
predictions. But they do so by evaluating the model at modified inputs

81t is possible to apply suap to loss functions directly. However, this yields a decomposition
of loss at individual observations rather than a decomposition of global expected loss, which is
what sace and EDEF target.
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and therefore measure sensitivity to disruption rather than contribution to
realized fit. They are not additive and depend on the perturbation scheme

and feature correlations.

5.3 Model Exploration Measures

Measures in the model exploration tradition —including partial R?>, dominance
analysis (Budescu, 1993), and Shapley-value decompositions of explained
variance — assess the value of features by refitting or removing them. Because
they do not condition on a fixed model, they do not attribute realized
predictive accuracy.

The Pratt decomposition (Pratt, 1987) is a partial exception: it allocates
explained variance in the estimation sample without refitting. It coincides
with epEr for in-sample OLS, where orthogonality holds, but diverges outside
this setting. Pratt attributes variance, not predictive accuracy, and does not
apply out of sample or under regularization.

5.4 Summary
The measures discussed above answer different questions by construction.
The table makes this explicit. Exploration methods vary the model; prediction
explanation methods vary the inputs or attribute predictions rather than
accuracy; perturbation methods measure sensitivity to disruption. None
attributes the realized predictive accuracy of a fixed model evaluated on
actual data.

eDEF addresses this specific problem. Itis exact, additive, global, and model-
conditional, and it admits standard errors that enable formal monitoring and
statistical inference — a capability that none of the existing methods provides
directly. When the objective is to attribute realized predictive accuracy of a

fixed model, the problem admits a simple and exact solution.

6 lllustrations

We illustrate Eper with a numerical verification and empirical examples. The
simulations verify the accounting identities, the divergence from variance-
based attributions, and the accuracy of the standard errors in a controlled
setting. The empirical examples demonstrate the model evaluation use case:
fit a model once, evaluate EDEF contributions on held-out data, and use

standard errors to assess whether the contributions are statistically reliable.

6.1 Numerical Verification
Table 2 verifies the properties of EpEF in a controlled linear data-generating
process. We simulate samples of 500 observations for fitting and 500 for
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Table 2: Monte Carlo Simulations

Panel A. Simulation characteristics

R? E[R%,]  E[l%;Cj—-AL]] Pr(AL <0)
0.60 0.599 0 0
0.30 0.299 0 0
0.10 0.099 0 0.000
0.02 0.020 0 0.056

Panel B. Comparison to Pratt
In Sample OLS ~ Out of Sample OLS  Out of Sample Elastic Net

R?  E[max;[C; - Pj] Med (maxj ICj/AL~P;/¥; pj|)

0.60 0 0.015 0.006
0.30 0 0.029 0.010
0.10 0 0.075 0.022
0.02 0 0.591 0.124

Panel C. Variability of Contributions (Target R? = 0.30)

Negative mass Standard Errors
p Pr(C; <0) E[ch<0 ICil/AL] 95% coverage
0.00 0.029 0.002 0.949
0.30 0.078 0.006 0.949
0.60 0.183 0.038 0.949
0.90 0.200 0.203 0.948

The table reports Monte Carlo simulations with sample size 500 in the separate
training and evaluation samples across 100,000 replications. The data-generating
process is a linear model with K = 5 features and coefficients {1.0, 0.6, 0.0, 0.4, 0.2}.
Regressors are jointly normal with mean zero, unit variance, and pairwise correlation
pij = p|i_f |. In Panels A and B, p = 0.7; panel C varies p. We set noise variance to
target the listed population R? values. Entries reported as 0 are numerically zero
within machine precision.

Euler contributions are C; = 2 Cov(y, y;) — Cov(y, ;) and sum to AL = Var(y) —
MSE(y — ) on each evaluation sample, up to floating-point error. Pratt contributions
are P; = Cov(y,yj). (We use the covariance-form for Pratt components, which
coincide with Pratt’s correlation-based formulation for standardized variables.) The
corresponding proportional attributions are Cj/AL and P;j/}; P;.

Panel A reports average out-of-sample R?, the absolute add-up error | 3] iGi—
AL|, and the frequency with which AL < 0. Panel B reports medians of the
indicated discrepancies between Euler and Pratt attributions under ors and Elastic
Net estimation. Panel C reports the frequency of negative Euler contributions, the
share of total contribution mass attributable to negative C;, and empirical coverage of
analytical 95% confidence intervals.
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evaluation, with results aggregated over 100,000 replications. Outcomes
follow a linear model with correlated Gaussian features and known coeffi-
cients, allowing direct comparison between sample estimates and population
quantities.

Panel A verifies the accounting identities. By construction, EDer contribu-
tions sum exactly to the improvement in mean squared error relative to the
baseline in every sample. The simulations confirm that this identity holds
numerically and that predictive accuracy can be negative in finite samples,
particularly when signal strength is low.

Panel B illustrates the relationship between eper and the Pratt decom-
position. In the training sample under ordinary least squares, the two
coincide exactly. Out of sample, they diverge because orthogonality no longer
holds: proportional attributions based on predicted variance differ from
those based on predictive accuracy, with discrepancies increasing as signal
strength declines. Regularization reduces estimation noise but does not
restore equivalence.

Panel C examines the role of feature correlation and the behavior of stan-
dard errors. Negative contributions arise from interaction among correlated
features but are typically small unless correlations are high. The reported
coverage confirms that the standard errors derived in appendix B accurately
reflect sampling variability in this setting.

The simulations serve as a numerical check of the theory: they verify exact
additivity, illustrate divergence from variance-based measures outside the
oLs setting, and confirm the validity of the standard errors under a known
data-generating process.

6.2 Ames Housing: Regression
We use the Ames housing dataset, a standard benchmark for tabular regres-
sion. The outcome is the log sale price. There are 2,930 total observations
and 80 base features, including a mix of numerical variables and categorical
attributes (e.g., neighborhood, quality ratings). We preprocess all variables
using median imputation, standardization, and one-hot encoding. After
one-hot encoding the categorical features, there are about 290 features.’
When reporting feature importance, we sum the contributions from all the
dummies corresponding to a single categorical feature.

We estimate a ridge regression model with the regularization parameter

selected via cross-validation. We evaluate feature importance for the training

9 The number of expanded features varies slightly across samples because we apply one-hot
encoding after the train-test split, and rare categorical levels may be absent in a given training
sample.
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Figure 3: Comparing Feature Importance for Regressions
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The figure shows EDEF feature importance for the most important features in a Ridge regression
model for the Ames housing data.

The left panel reports contributions to fit in levels for the hold-out sample, with error bars
indicating plus and minus two standard errors. The standard errors reflect sampling variability
in the evaluation data, conditional on the fitted model, and therefore support statistical inference.

The right panel reports differences in contributions to fit between the hold-out and training
samples. The corresponding standard errors combine variability from both samples under the
assumption that estimation errors are uncorrelated across the non-overlapping samples.

sample and for a holdout sample. The samples are randomly chosen, non-
overlapping halves of the full data set.

The left bar chart in figure 3 reports Eper contributions in levels together
with two-standard-error bands for the top 10 features based on the hold out
sample. The top features make statistically significant contributions to model
fit but the difference in importance of many adjacent features is statistically
insignificant. The right bar chart reports the changes in contributions relative
to the training sample, also with two-standard-error bands. The standard
errors for the changes use the variability for both samples and assume that
the estimation errors are uncorrelated across the samples. !

This illustrates a key advantage of the eper framework: contributions can
be interpreted as sample averages, allowing us to construct standard errors
and statistical inference in a straightforward manner.

Figure 4 reports pairwise comparisons of proportional contributions to
model fit across methods. The scatter plots show strong agreement between

10When feature contributions are evaluated for many components, testing for changes in
importance across samples raises a multiple testing problem. Simple feature-by-feature inference
can therefore be misleading. Because EDEF contributions have standard errors that reflect
sampling variability in the evaluation data, they can be combined with standard multiple-testing
procedures, such as false discovery rate control (Benjamini and Hochberg, 1995; Benjamini and
Yekutieli, 2001), to support valid inference across large numbers of features. Related issues
arise in model selection and iterative refinement, where data-driven specification search can
invalidate naive inference; these concerns are addressed by model-search procedures such as
Hansen (2005).
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Figure 4: Comparing Feature Importance for Regressions
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The figure compares feature importance shares for a hedonic Ridge regression model using
the Ames housing data. The eper and sace methods target predictive accuracy, with EDEF
decomposing realized fit and sace evaluating counterfactual performance under feature removal.
Permutation importance measures the change in performance under feature perturbations, while
sHAP values reflect average contributions to predictions.

EDEF and sacGg, with points lying close to the 45-degree line. This is expected
in the regression setting with quadratic loss. In this case, Eper coincides with
the Shapley decomposition of model fit, and saGe provides a Monte Carlo
approximation to the same object.

sHAaP and permutation importance exhibit systematic deviations from
EDEF. Both methods tend to attribute higher importance to features that are
correlated with other predictors, reflecting their reliance on perturbations or
conditional expectations that break the correlation structure of the data. These
differences are economically meaningful and not attributable to sampling
variation.

The apparent discrepancy reflects a difference in the question being
answered. Overall Condition is indeed informative about house prices, but
in this dataset it is strongly correlated with other structural features such
as overall quality, age, and size. The fitted model therefore distributes this
information across multiple components. Once the full fitted signal is taken
into account, Overall Condition contributes little additional alignment with
the outcome. EDEF and sack attribute realized predictive accuracy to the
components that actually generate it in the fitted model, and therefore assign
less credit to partly redundant features.
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Figure 5: Feature Importance for Classification

marital-status 4 B —

education-num - = 4 [

capital-gain —_
occupation = 4 —_—

sex - B 1 R E—
hours-per-week - = 4 —_—t

relationship = 4 R I

age 4 - 1 N S

capital-loss 4 =+ 4 . —

native-country 4 - 1 —_—

0.00 0.02 0.04 0.06 0.08 -0.010 —0.005 0.000 0.005 0.010
Holdout Contribution to Fit Holdout Minus Training Contribution

The figure shows Dk feature importance for the most important features in a regularized logistic
regression model for the UCI adult income data.

The left panel reports contributions to fit in levels for the hold-out sample, with error bars
indicating plus and minus two standard errors. The standard errors reflect sampling variability
in the evaluation data, conditional on the fitted model, and therefore support statistical inference.

The right panel reports differences in contributions to fit between the hold-out and training
samples. The corresponding standard errors combine variability from both samples under the
assumption that estimation errors are uncorrelated across the non-overlapping samples.

Overall, the regression example shows that eper and saGe deliver nearly
identical decompositions of model fit, while suar and permutation importance

answer different questions.

6.3 UCI Adult Income: Classification

We next consider a binary classification problem based on the UCI Adult
income dataset. The dataset is a standard benchmark for binary classification.
The outcome indicates whether annual income exceeds $50,000. There are
48,842 total observations and 13 base features. Features include demographic
and employment characteristics, preprocessed using median or mode impu-
tation and one-hot encoding. After one-hot encoding the categorical features,
there are about 100 features. We estimate an L2-regularized logistic regres-
sion model with the regularization parameter selected via cross-validation.
Feature importance is evaluated out of sample on a random holdout set under
log loss. The holdout sample is half of the total sample.

Figure 5 shows EDEF feature importance for the top 10 features. As in the
regression case, we report the eper contributions and their changes across
samples with standard errors. This again highlights the ability to perform
inference on feature contributions, which is not directly available for the
alternative methods.

In the classification setting, the decomposition includes a baseline adjust-

ment component. We normalize the reported proportional contributions



26 Euler Decomposition of Explained Fit

Figure 6: Comparing Feature Importance for Classification
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The figure compares the feature importance shares for a logistic regression classification model
using the UCI adult income data. The eper and sace methods target predictive accuracy, with EDer
decomposing realized fit and sace evaluating counterfactual performance under feature removal.
Permutation importance measures the change in performance under feature perturbations, while
sHAP values reflect average contributions to predictions.

over the displayed features to ensure comparability across methods.

Figure 6 compares feature importance across methods. In contrast to the
linear regression case, where eDer and saGe should converge, this is no longer
true for classification models. Although the results from the two methods
are broadly similar, the scatter plot also reveal noticeable deviations from the
45-degree line for several features.

This difference reflects the nonlinear structure of the log loss. EDEF
attributes contributions along the score path of the fitted model, while sace
averages marginal contributions over feature coalitions. Under quadratic loss
these approaches coincide, but under log loss they need not agree exactly.

The largest discrepancies arise for features with strong effects on predicted
probabilities, particularly in regions where the log loss is highly nonlinear. In
these cases, the path-based attribution used by eper and the coalition-based
averaging used by saGe capture different aspects of model behavior. Despite
these differences, the two methods remain qualitatively aligned, identifying
a similar set of important features.

In contrast, suaP and permutation importance continue to display system-
atic deviations, consistent with their reliance on perturbations that alter the
joint distribution of the inputs.
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Table 3: Runtime Comparison for Feature Importance Methods

Method Runtime (sec) Relative to EDEF
Panel A: Ames Housing Ridge Regression
EDEF 0.0027 1
SHAP 0.013 4.8
Permutation 12 4,500
SAGE 280 100,000
Panel B: UCI Adult Income Logistic Regression
EDEF 0.025 1
SHAP 0.19 7.8
Permutation 2.7 110
SAGE 860 34,000

The table reports relative timings of the feature importance calculations for the Ames
housing regressions. All values are rounded to two significant figures and are intended
to convey approximate computational cost rather than precise measurements.

The Ames housing Ridge regressions use 1,465 observations and 80 raw features.
The UCI adult income logistic regressions use 24,421 observations and 13 base
features. In each case, the number of observations represents a random hold out
sample containing half of all available observations.

After one-hot encoding all categorical features, there are approximately 290 fea-
tures in the Ames housing regressions and approximately 100 features in the UCI
adult income logistic regressions. The number of expanded features varies slightly
across samples because we apply one-hot encoding after the train-test split, and rare
categorical levels may be absent in a given training sample.

To speed up computations, sAGE uses estimation samples of 250 observations for
the Ames Ridge regressions and 1,000 observations for the UCI logistic regressions.
All other methods use the full set of provided observations.

Permutations permute the base features. EDEF, sHAP, and sAGE see the expanded
features with one-hot dummies for all categorical variables.

6.4 Computational Cost
Table 3 reports runtimes for the different methods in both examples.

We compute suap values using the SHAP Python package (Lundberg
and Lee, 2017), sace values using the SAGE-Importance package (Covert
et al.,, 2020), and permutation importance using the implementation in
Scikit-learn (Breiman, 2001; Pedregosa et al., 2011). We generally use
default settings. For sace, however, we use estimation samples of 250 obser-
vations for the Ames Ridge regressions and 1,000 observations for the UCI
logistic regressions to speed up computations. All other methods use the full
set of provided observations.

EDEF is effectively instantaneous, requiring only a single pass through
the evaluation data. suap is also fast due to analytic shortcuts available for
linear models. Permutation importance is slower, reflecting repeated model
evaluations for each feature.
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SAGE is substantially more computationally intensive. Even when evaluated
on a reduced background and evaluation sample, saGe requires several
minutes to complete, compared with fractions of a second for eper. This
reflects saGe’s need to average marginal contributions over feature coalitions
via Monte Carlo sampling.

The large difference in runtime is not due to implementation details but to
the underlying structure of the methods. eper exploits the additive structure
of the fitted model to compute contributions in closed form, while saGe
approximates the same object through repeated model evaluation.

In practical settings, this difference can be decisive. EDEF provides exact
contributions at negligible computational cost, whereas sace may be infeasible
to compute at scale without substantial approximation.

Because EpErF contributions are sample averages of per-observation terms,
their computation scales linearly in the sample size for a fixed model.
This structure also allows straightforward subsampling for extremely large
datasets: contributions computed on a subsample remain unbiased estimates
of the full-sample quantities, with standard errors decreasing at the usual rate.
In contrast, methods such as sace require sampling over both observations
and feature coalitions, so subsampling affects both statistical precision and
approximation error.

7 Conclusion

Feature-importance methods differ in the questions they are designed to
answer. Much of the existing literature focuses on model exploration or on
explaining individual predictions. This paper addresses a different question:
how much did each feature contribute to the realized predictive accuracy
of a fixed fitted model? We call the resulting method Eper — the Euler
Decomposition of Explained Fit.

The answer follows directly once model fit is defined as the reduction in
expected loss relative to a baseline predictor. In regression, this quantity
is a difference of homogeneous functions of the fitted signal, and Euler’s
theorem yields an exact additive decomposition. In classification under log
loss, homogeneity fails, but the same logic extends through a path-integral
representation based on the fundamental theorem of calculus. In both cases,
the decomposition is exact, additive, and model-conditional: it attributes
realized predictive accuracy to the components of the fitted model evaluated
at the realized inputs, without refitting or counterfactual evaluation.

The simplicity of this result reflects the structure of the problem. EDEr
requires only realized predictions and their additive components, is compu-
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tationally trivial once predictions are available, and applies to any model
with an additive signal representation, including linear and regularized
regressions, generalized linear models, generalized additive models, and
ensemble methods.

Because EDEF expresses feature importance as a sample average, it also
admits standard errors that quantify sampling variability in the evaluation
data. These standard errors apply both in-sample and out-of-sample and
require no additional computation. They enable formal monitoring of feature
contributions over time or across samples, allowing changes in model behavior
to be distinguished from noise. For established or deployed models, this
capability is central.

Finally, computing epEr contributions to fit is materially faster than other
mainstream feature importance measures. Some methods are orders of
magnitude more expensive to compute than EbEr.

The companion paper Hentschel (2026) extends this framework to non-
linear models, where attribution is carried out in input space using a path-
integral construction. Together, the two papers establish a unified and
tractable framework for attributing predictive accuracy across a broad class
of regression and classification models.
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A Euler Decompositions and Path Integrals

This appendix clarifies the relationship between Euler’s theorem for homoge-
neous functions and the path-integral decomposition used in the main text.
The latter is the natural generalization of the former when homogeneity does
not hold.

The decomposition is expressed in terms of gradients and integrals, but it
is not an approximation. The path-integral identity is an exact consequence of
the fundamental theorem of calculus and does not rely on a Taylor expansion

or on evaluating derivatives at a single point.

A.1 A Path-Integral Identity for Differentiable Functions

Let f : RK - Rbe continuously differentiable, and let x, x € RK. Consider
the straight-line path

x(t) = xo + t(x — xp), te€[0,1]. (46)
By the chain rule,
& F) = VAEO) (x - x0) )

Applying the fundamental theorem of calculus yields the exact identity

1
£ = flx0) = [V FGO) =0 . (49)
Rewriting the inner product gives an additive decomposition across coordi-
nates,
)= o) = 3t =30 | 5 )

This identity expresses the change in f as the sum, over coordinates, of each
increment (x; — xo;) multiplied by its average marginal effect along the path
from xg to x.

A.2 Euler’'s Theorem as a Special Case

Now suppose that f is positively homogeneous of degree one,

f(Ax) =Af(x) forall A > 0. (50)
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Euler’s theorem states

K
J
£ = 5w G1)

j=1

This follows directly from the path-integral identity. Take xq = 0 and
x(t) = tx. Then

1
f0- 10 = [ Vi (52)

For a function homogeneous of degree one, the gradient V f(fx) is homoge-
neous of degree zero and therefore constant along rays, so V f(tx) = Vf(x)
forall t > 0. The integrand is therefore constant in ¢, and the integral reduces
to

Vix)x, (53)
which is Euler’s theorem. See Silberberg (1978) or Tasche (2008).

A.3 Interpretation

Euler’s theorem recovers the function value from derivatives evaluated at a
single point because homogeneity eliminates variation along the path from
the origin. When homogeneity does not hold, derivatives vary along this
path, and the correct generalization is to average them.

The path-integral identity expresses the change in a function as the integral
of its directional derivative along a path connecting a baseline to an evaluation
point. The straight-line path used here treats all components symmetrically,
preserves additivity aligned with the fitted model, and reduces exactly to
Euler’s theorem when homogeneity holds. Alternative paths introduce
ordering or counterfactual structure that is not implied by the fitted model.

The decomposition also relies on the existence of a meaningful baseline
and evaluation point. In predictive modeling, these arise naturally from
the baseline and fitted models that define explained fit. In this setting,
the decomposition has a direct interpretation as an attribution of model
performance.

The constructions used in the main text follow this principle. In regression,
explained fit is homogeneous in the fitted signal, so Euler’s theorem yields
an endpoint decomposition. In classification, log loss is not homogeneous
in the fitted score, so an exact decomposition requires averaging derivatives
along the score path. Both cases are exact and depend only on the structure
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of the evaluation metric, not on the estimation procedure that produced the
fitted model.

B Standard Errors
This appendix derives standard errors for the Euler contributions to regression
fit,

Cj =2 Cov(y, y;) — Cov(y, yj), (54)

for a fixed model ¥ = Y'k_, ¥ with additive structure.

The key observation is that each contribution C; can be written as a sample
average of observation-level quantities. Standard errors therefore follow
from elementary arguments for sample means. Throughout, we condition
on the fitted prediction function y(-) and treat the model as fixed. Inference
reflects sampling variability in the evaluation data, not uncertainty from
re-estimation.

B.1 Euler Contributions as Sample Averages

It is convenient to express each contribution as a single covariance. Define

a; =2y - Vi, bij = Yij, (55)
and center both variables by subtracting their sample means. Then

Cj =Cov(a, b]-) = E[a; bj;]. (56)

Define observation-level contributions

cij = ai bij, ci=(ci1, ..., cik)". (57)
Then the vector of Euler contributions is simply

C=(Cy,...,Cx)" =E[ci], (58)
that is, each C; is a sample mean.

B.2 Variance and Standard Errors

Under i.i.d. sampling, define the population covariance of c;,

I = Cov(e;) = E[(c; = Elci])(c; = Elei]) ] - (59)
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We estimate X using the sample covariance
Z=E[(ci-CO)ci-O)7]. (60)

Because C is a sample average over N observations, Cov(C) = Z/N. The

standard error for C; is therefore

SE(C)) = \/% Ij= \/%E[(cij -C)?. (61)

If the evaluation sample exhibits heteroskedasticity or serial dependence,
% can be replaced by a HAC estimator applied to {c;}.

B.3 Grouped Contributions
For a group of features G € {1, ..., K}, define C¢ = ZjeG C;. Then

Cc = E[cic), cic = Z Cij- (62)
jeG

The corresponding standard error is

SE(Co) = 3 Elfeia - CaPl. (63)

This univariate calculation automatically accounts for dependence across

features within the group and avoids estimating the full covariance matrix.

B.4 Standard Errors for Contribution Shares

In applications, it is often useful to report proportional contributions rather
than level contributions. Define total explained fit as

K
AL = Z Cr=17C, (64)
k=1

and define the share of component j as

Cj

=37 (65)

5

The share is a smooth function of the vector C whenever AL # 0, so its
standard error follows from the delta method.
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Let ¢; denote the jth unit vector. The gradient of S; with respect to C is

1 Cj

VCSJ = He] - ml

(66)

Since C’:O\V(C ) = /N, the delta-method standard error is

SE(S;) = 1 Le-—il Tf Le»—il (67)
PoNN\ALT (AL AL AL?)
Equivalently, define the observation-level total contribution
K
di = Z cik, AL =E[di]. (68)
k=1
Then the influence-function representation of the share is

_ Ci]' —C]' Cj

Si= 37~ g AL (69)

and the same standard error can be written as

Lo
SE(S)) = N E[sij]. (70)
This form is often easiest to implement because it avoids explicit matrix

multiplication.

For a group G, define

Se=77  Co= Zc,. 71)

The same formulas apply after replacing C; by Cg, c;; by cig, and e; by the
group indicator vector 1¢.

Share standard errors should be interpreted with the usual caution for
ratios. They are well behaved when total explained fit is far from zero, but
can be unstable when AL is small. For this reason, level contributions remain
the primary object for inference, while shares provide a convenient scale for

reporting and comparing importance across methods.
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B.5 Extension to Classification

The same standard error calculation applies to the classification setting. In

that case, each contribution C; can likewise be written as a sample average
Cj = E[cijl, (72)

where c;; = 7j;jw; and w; is the path-integral weight defined in equation (41).
Because the contributions remain sample means of observation-level
quantities, the standard errors follow from the same argument as in the

regression case. No modification is required.

B.6 Implementation Remarks

In-sample versus out-of-sample.

Because we condition on the fitted model, the same formulas apply in-sample
and out-of-sample. Only the evaluation sample used to compute c; and its
size N differ.

OLS as a special case.

Under in-sample ordinary least squares, Cov(e, i/;) = 0 exactly. The contribu-
tion reduces to

Cj = Cov(y, yj), (73)
and the standard error formula applies directly to this simplified expression.

Auxiliary regression interpretation.

Each contribution C; can be viewed as the intercept in a regression
Cij = aj + &ij- (74)

The ors estimator & equals C;, and the corresponding standard error coincides
with equation (61).

C Multinomial Classification

This appendix extends the Eper framework from binary to multinomial
classification. The extension introduces no new attribution principle. It
applies the same path-integral logic used in the main text to vector-valued
scores in softmax models.
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C.1 Setup

Consider a classification problem with K > 2 classes. Let p(x) denote the
predicted probability of class k, and choose class K as a reference category.
Define the (K — 1)-dimensional logit vector

s1(x)
s(x) = : , sk(x) = log

sk-1(x)

pr(x)
pi(x)

: 75)

Let sg denote the baseline logit vector corresponding to the baseline class
probabilities p = E[y].

C.2 Explained Log Loss
For an observation y € {1, ..., K}, define the multinomial log score
K-1
fys)=s,-9(s),  pls)= 1og(1 Y eSk) . (76)
k=1
Explained fit is defined as
AL =E[f(y,s) = f(y,50)] = ¢(s) = P(s0) — Vi(s0)" (s — s0). (77)
C.3 Path-Integral Decomposition

Define the straight-line path in logit space

s(t) = so + (s — sp), t€[0,1]. (78)
Applying the path-integral identity yields
1
AL = / (s —s0)" (y —p(s(t))) dt, (79)
0

where p(s) denotes the vector of predicted probabilities implied by s.

Assuming an additive decomposition of the fitted score,

s(x)—sg = Z s(j)(x), (80)

14
j=1
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we obtain the multinomial eper contributions
. 1
Cj=E [sW(x)T / (v - p(s(t) dt]. (81)
0

This is the direct analogue of the binary classification result: each compo-

nent is weighted by its alignment with the path-averaged residual y — p(-).

C.4 Quadratic Representation and Geometry

The improvement in log loss also admits an exact quadratic representation.
Applying Taylor’s theorem with integral remainder,

1
aL= [ =065 Vs - so) . (52)
0
The Hessian

V2 (s) = diag(p(s)) — p(s)p(s)" (83)

is the Fisher information matrix of the multinomial model.

Defining the path-integrated metric

1
Won =2 [ (1= V(s (34
0
we obtain
AL = %(S —50)" Wyatn(s = so).- (85)

This representation shows that explained fit corresponds to a quadratic
form in the displacement of the fitted signal, with curvature determined by a
path-averaged Fisher metric. It provides a geometric interpretation but is not

required for computing the EDEr contributions.

C.5 Standard Errors

As in regression and binary classification, each contribution can be written

as a sample average
Cj = E[C,‘j], (86)

where c;; is the observation-level contribution.
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Standard errors therefore follow directly:

SE(C)) = ,/%E[(cﬁ ). (87)

Grouped contributions are handled identically by summing c;; across
features.

C.6 Summary

Multinomial classification introduces no new attribution principle. It replaces
scalar quantities in the binary case with vector-valued analogues. The
decomposition remains exact, additive, and model-conditional, and standard

errors follow from the same sample-average structure.

D Algorithms

This appendix presents pseudocode for computing EDEF contributions and
their standard errors in the regression and classification settings. Both
algorithms follow the same structure: center the outcome and prediction
components, compute observation-level contributions as products of centered
components with a residual-like term, average across observations to obtain
the EpEF contributions, and compute standard errors as the square root of the
sample variance of the observation-level contributions divided by the sample
size.

The two algorithms differ only in the residual-like term. For regression
under squared error loss, this term is 2y; — y;, which is linear in the outcome
and the fitted value and admits direct computation from realized predictions.
For classification under log loss, this term is the closed-form path weight
w; defined in equation (41), which averages the canonical residual y; — o(-)
along the straight-line path from the baseline score to the fitted score.

In both cases, the algorithms require only a single pass through the
evaluation data. Computational cost is negligible relative to model estimation.
The regression algorithm accommodates weighted and generalized least
squares by supplying pre-transformed outcomes and components. The
classification algorithm accommodates observation weights through the
weighted expectation Ey[-] described in section 4.5.

D.1 Regression

Algorithm 1: EDEF for Regression

# Inputs:
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y : (N,) vector of realized outcomes,
centered internally by the algorithm

Y_hat : (N, K) matrix of fitted signal components
with y_hat = sum_j Y_hat[:, j]

Baseline:
The intercept-only baseline is E[tilde y].
All computations are performed relative to this baseline.

Notes:

For linear models with an intercept and centered regressors,
Y_hat[:, jl = X[:, j]l * beta[j] is already mean zero.
Component centering ensures a unique attribution by assigning
all level effects to the intercept-only baseline.

Components are centered internally by the algorithm.

For WLS or GLS, supply y and Y_hat already transformed

HH oW O OFH W W FH OH W O OH W W OH W K W R

by the appropriate weighting or whitening matrix.

# Center outcome (defines intercept-only baseline)

y_c =y - mean(y)
# Aggregate fitted signal and center
y_hat = Y_hat.sum(axis=1)

y_hat_c = y_hat - mean(y_hat)

# Center fitted components (normalization for attribution)
Yc = Y_hat - mean(Y_hat, axis=0)

# Euler contributions to improvement in MSE
for j in range(K): # Can be vectorized
C[j]l = C 2 * mean(y_c * Yc[:, jl) - mean(y_hat_c * Yc[:, j1) )

Deltal = sum(C) # Reduction in MSE relative to baseline

# Plain (i.i.d.) standard errors for contributions

N = len(y)

a =2 *y_c - y_hat_c # Observation-level term shared across
features

for j in range(K): # Can be vectorized
c_ij = a * Yc[:, jl] # Observation-level contributions

SE[j] = sqrt( mean((c_ij - C[jI)**2) / N )

# Outputs:

# C : Contributions to model fit

# SE : Standard errors for C

# Deltal : Reduction in MSE relative to intercept-only baseline
# C / Deltal : Proportional contributions

# May be unstable if abs(Deltal) is near 0
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D.2 Binary Classification

Algorithm 2: EDEF for Binary Classification

# This algorithm computes exact Euler-style contributions under log loss,
# along with vanilla (i.i.d.) standard errors under the same evaluation
weights.

Inputs:
y : (N,) vector with y in {0,1}
Eta_hat : (N, K) matrix of fitted score components
with eta = eta_bar + sum_j Eta_hat[:, j]
w : optional (N,) nonnegative observation weights defining the

evaluation metric (default: uniform weights)

Notes:

- For logistic regression, Eta_hat[:,j] = X[:,j] * beta[j].

- Weights define the empirical measure used to evaluate fit (analogous to
WLS/GLS metrics), not ad hoc class rebalancing. All expectations below are
computed under these weights.

- The baseline p_bar is the best constant predictor under the same weights.

- For non-uniform weights, standard errors use the effective sample size

FOoH W OFHE OH OH W O OH W K H W W K R

N_eff =1 / sum_i wtil_iA2, where wtil are normalized weights.

# Helper functions

sigmoid(z) =1 / (1 + exp(-2))

softplus(z) = log(l + exp(z)) # implement stably if needed
logloss(y,p)= - y*log(p) - (1-y)*log(l-p)

# Dimensions
N, K = Eta_hat.shape

# Weighted mean helper (normalizes weights)
if w is None:
w = ones(N)
w_sum = sum(w)
wtil = w / w_sum
wmean(a) = sum(wtil * a)

# Effective sample size under normalized weights
N_eff = 1.0 / sum(wtil**2)

# Baseline probability and baseline score (intercept-only, weighted)
p_bar = wmean(y)
eta_bar = log(p_bar / (1 - p_bar))

# Aggregate fitted score and fitted probabilities
eta = eta_bar + Eta_hat.sum(axis=1)
p = sigmoid(eta)
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# Baseline and fitted log loss (fit improvement, weighted)
L_bar = wmean(logloss(y, p_bar))

L_hat = wmean(logloss(y, p))

Deltal = L_bar - L_hat

# Closed-form path weight under log loss:

# w_ir{path} = y_i - ( softplus(eta_i) - softplus(eta_bar) ) / delta_i,
# with the limit w_iA{path} -> y_i - sigmoid(eta_bar) as delta_i -> 0.
delta = eta - eta_bar

sp_eta = softplus(eta) # (N,)

sp_eta_bar = softplus(eta_bar) # scalar

eps = le-12

w_path = zeros(N)

mask = abs(delta) > eps

w_path[mask] = y[mask] - (sp_eta[mask] - sp_eta_bar) / delta[mask]
w_path[~mask]= y[~mask] - sigmoid(eta_bar)

Observation-level contributions and component contributions (weighted)
c_ij = Eta_hat[i,j] * w_path[i], C[j] = E_w[c_ij]
= Eta_hat * w_path[:,None] # (N, K)

sum(wtil[:,None] * c, axis=0) # (K,)

N N FHF

# Plain (i.i.d.) standard errors for contributions under the same weights
# Var_w(c_j) = E_w[(c_ij - C[jI)*2], SE(C_j) = sqrt( Var_w(c_j) / N_eff )
var_w = sum(wtil[:,None] * (c - C[None,:])**2, axis=0) # (K,)

SE = sqrt(var_w / N_eff) # (K,)

# Output:
# C satisfies sum_j C[j] = Deltal exactly (up to floating-point error)
# SE are vanilla standard errors under the evaluation weights

# Proportional importance: C / sum(C) = C / Deltal
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